Abstract. By [3] and [5] , it has been proved that the normal closure of the pure braid group P n (D) in the pure braid group of the torus P n (T ) is the commutator subgroup [P n (T ), P n (T )]. In this paper we are going to study the case for full braid groups: i.e. the normal closure of B n (D) in B n (T ), which turns out to have an interesting geometric description.
Introduction
Let T denote a 2-dimensional torus and S denote a 2-dimensional surface. C n (S) is the unordered configuration space of n points on S, and C ′ n (S) is the ordered configuration space of n points on S. B n (S) = π 1 C n (S) be the full braid group of n strings on S and P n (S) = π 1 C ′ n (S) be the pure braid group of n strings on S. For the detailed definitions of the above concepts, the reader may refer to Section 3.
In [3] it was shown that the abelianization of the pure braid group of P n (T ), P n (T )/[P n (T ), P n (T )], is isomorphic to the product of n copies of π 1 (T ), where [P n (T ), P n (T )] is the commutator subgroup of P n (T ). More specifically, given a manifold M, consider the inclusion of the ordered configuration space of S, C ′ n (S) into the direct product of n copies of S, i : C ′ n (S) ֒→ S × ... × S. It induces a homomorphism on fundamental groups: [3] tells us that ker(i * ) = [P n (T ), P n (T )], the commutator subgroup of P n (T ).
Later in [5] , it was proved that ker i * =< P n (D) > Pn(T ) , the normal closure of P n (D) in P n (T ),.i.e. ker(i * ) is the smallest normal subgroup in P n (T ) containing P n (D). Combining the above results, we see
The main theorem of this paper is to generalize the result above to the case of full braid groups, i.e. to find the normal closure of B n (D) in B n (T ).
In Section 4, we will define a subset of C n (T ), denoted by C e n (T ), and the goal of this paper is to show the following:
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Definitions and Preliminary
The geometric braid group B n is defined as follows: {x 1 , ..., x n } is a set of n interior points in the closed unit disk D in the plane R 2 . Consider the set of n disjoint continuous paths {α 1 
is in the interior of the disk D × {t} for any t ∈ [0, 1]. We quotient this set by homotopies of the strings relative to their endpoints. The quotient set can be made into a group by defining the operation to be concatenation of two braids, i.e. identify D × {1} of the first braid with D × {0} of the second braid to obtain a new braid. The product D × I is embedded in R 2 ×R = R 3 , and the n strings can then be visualized in this manner.
B n has Artin's presentation [1] :
The concept of configuration spaces, introduced by Fadell and Neuwirth in [4] , brings a topological description of the braid group as a fundamental group, and a possible generalization of the concept of braid group to any surface.
S is a 2 dimensional surface. The unordered configuration space of n points on S is C n (S) = {{x 1 , ..., x n } ∈ 2 S |x i = x j for i = j}, i.e. C n (S) consists of subsets of S of cardinality n. The ordered configuration space of n points on S is defined to be C
There is a natural covering space structure:
e. the covering map is to forget the ordering of the elements. This is a regular covering with the covering transformation to be the permutation group S n .
After choosing a base point
, we can define the braid group of n strands on S, B n (S), to be the fundamental group of C n (S):
. Since different choices of base points will lead to isomorphic fundamental groups, we will omit the base point in the following discussions, unless it is necessary to stress on the base point. Similarly, the pure braid group of n strands on S, P n (S), is defined to be the fundamental group of C ′ n (S):
2 , a disk, we get the classical braid groups
The covering space mentioned above lead to the following short exact sequence:
is an injective continuous map between two surfaces, there is an induced map on their configuration spaces, which we also denote by f :
The maps on configurations spaces induce homomorphisms on the braid groups, by the fundamental group construction:
The following Proposition proved in [6] gives a criterion for when f * is injective: Proposition 2. (Paris and Rolfsen) f : S 1 ֒→ S 2 is an inclusion map. Let S 1 be different from the sphere or the projective plane, and let S 2 be such that none of the connected components of S 2 \ S 1 is a disk, then the homomorphism f * : B n (S 1 ) −→ B n (S 2 ) is injective As remarked in [6] , a special case of this proposition when S 1 is a disk is proved in [5] Let T denote a torus. By this Proposition, we can see that B n (D) injects into B n (T ).
The Subspace C e n (T ) And Its Properties
The torus T ∼ = S 1 ×S 1 is a topological abelian group, and we denote the identity element by e ∈ T .
Define a subspace of C n (T ) by
i.e. an element in this subspace is a set of n distinct points on torus whose product is e. Since the torus is abelian, this subspace is well-defined. Similarly, for the ordered case, we can also define a subspace of C ′ n (T ) by
The groups π 1 (C e n (T )) contains some groups that we are familiar with as subgroups:
Lemma 3. B n (D) is a subgroup of π 1 (C e n (T )), and P n (D) is a subgroup of π 1 (C ′ e n (T )). Proof. We choose the base point {x 1 , ..., x n } of C n (T ) to be inside C e n (T ), so n i=1 x i = e. We only need to illustrate that the generators of B n (D), σ i , are in π 1 (C e n (T )). We can choose a representative of σ i ∈ B n (T ) by letting the i-th and (i + 1)-th base points do a half twist in a way that at each time they are moving in the opposite way, which makes that at any time, the product of the n points will remain to be e, so we obtain a loop in C e n (T ), hence it represents an element in π 1 (C e n (T )). We conclude B n (D) ⊂ π 1 (C e n (T )).
The next lemma shows we actually get a fiber bundle from our construction:
gives a fiber bundle with fiber C e n (T ). So we have a short exact sequence
Proof. It suffices to show for a small neighborhood U of e it holds U × C e n (T ) ∼ = m −1 (U). Since T = S 1 × S 1 , if we take n-th roots of unity, there are n 2 of them. If we write the torus as
}, we can define the homeomorphism
In the above formula we choose (x, y) representing
The short exact sequence follows from this fibration.
There is another combinatorial description of the map m * , making use of the group representation of B n (T ) in [2] :
Generators: a, b, σ 1 , ..., σ n−1
Relations:
Define the group homomorphism φ : B n (T ) −→ Z × Z by φ(a) = (1, 0), φ(b) = (0, 1) and φ(σ i ) = (0, 0). It is not hart to see this is a well-defined homomorphism by studying the relations above.
If we identify π 1 (T ) = Z×Z by (1, 0), (0, 1) representing longitude and meridean loops respectively, we then can interpret m * in the following way: 
The first two columns of vertical lines are all inclusion maps:
Proof. We first verify all the vertical maps are inclusions. We have shown that
n (T )), and by [5] , (P n (T )) ′ is the normal closure of P n (D) in P n (T ),
For the other column, we need to verify H = (P n (T ))
. The short exact sequences are clear, except for the second row. The image of H = (P n (T )) ′ B n (D) −→ S n is determined by the B n (D) part, since (P n (T )) ′ are pure braids. So the kernel of this map should be (P n (T ))
′ . That the diagram is commutative is because the vertical lines and the second horizontal map on each row are all inclusions.
Proof. The following diagram with two short exact sequences commutes:
So we see that (B n (T )) ′ is a subgroup of π 1 (C e n (T )), and also
Since σ 1 ∈ π 1 (C e n (T )) and σ 1 / ∈ (B n (T )) ′ , σ 1 will represent the nonzero coset in the above quotient, so
Proof of the Main Theorme
Proof. First, it is easy to see
On the other hand, we need to show π 1 (C e n (T )) ⊆< B n (D) > Bn(T ) . Since by Lemma 7, π 1 (C e n (T )) = [B n (T ), B n (T )]B n (D), it suffices to show [B n (T ), B n (T )] ⊆< B n (D) > Bn(T ) .
Consider the image of an element of form αβα −1 β −1 ∈ [B n (T ), B n (T )], where α, β ∈ B n (T ) under the quotient map π 1 (C e n (T )) q − → π 1 (C e n (T ))/ < B n (D) > Bn(T ) . Since B n (T ) = P n (T ) · B n (D), we can write α = p 1 t 1 , β = p 2 t 2 , where p 1 , p 2 ∈ P n (T ) and t 1 , t 2 ∈ B n (D). 2 ) ∈ π 1 (C e n (T ))/ < B n (D) > Bn(T ) .
But by [5] , p 1 p 2 p 
